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OEQPIA XYNOAQN, MAGHMATIKH AOT'IKH KAI MEGOAOI AITOAEIZEHX

[Ipoxkeyévou va S1aTVTAOVOLY 01 LAONTEG e GOPNVELL TIC GKEYELS TOVS, OPEIAOLY VO £xOoVV
WoYVPES PACEIC GE OAN TA TOPATAVE.

To vAKO avToL TOL ELAANSIOL Oev amoteAel pépog eetaldpevov pabnuatoc. Avtifeta
TPEMEL GLVEYDG VO ETAVEPYOUAOTE, OTOTE ALTO KpiveTon amapaitnro.

H Ocwpia Xvvorwv ko 1 Madnuotikny Aoywkn dev givar dvo media aveEdptnro petald Toug.
Yrhpyet Queon cvoyétion PeETaEy Tovg, Ommg Oa pavel Kot ToapoKaT.

Tv ovopdletar covoiro.
YOvoho eival kdBe GLAAOYN OVTIKEWEV®VY, TOL TPOEPYOVTOL OO TNV eUmEPia pag N
dlavonon pog, eivol KaAd optopéva Kot dtakpivovton To éva and to dAlo.

Ta copPora € (avipkel), ko & (d€v AVIKEL).

[Ma va dnhdcovpe 0Tt 10 X glval otoryeio Tov GuvOAOL A, yphpovue XA kot dafalovpe
«TO X OVNKEL 6TO A», eV Y00 va ONA®GOVUE OTL TO X 0gVv givol otoreio Tov cuvorov A
ypapovpe X A Kat S10BAlovpe «TO X €V AVIIKEL GTO A».

Avamapdotacn evog cvvorov

o Tpomoc. Me avaypapn Tov otoryeiwv Tov cuvorov, Ty, A =1{2,4,6,8}

B tpomoc. Me meprypapn t@v otoyeimv tov cuvolov. T'evikd, av amd €va chvoro €
emAéCovpe eketva Ta otoryeio Tov, oL £youv Lo optopévn WOt I, TOTE PTIAYVOLLE Eval
véo cuvoAo ov cupPoiriletar pe: {x € Q/x &gl mv WOt I} Ko daPdleton «To chvoro

TV X € Q, 6mov X £yel TNV WIOTNTA M. R

Ta Baocwka cvvora TV apLOp@Y. Q
Me N ovpPoiilovpe 10 cOVOAO TV QUOIKAOV OPOU®V, ONA.

Y/
N={0,1,2,--+}
Me 7Z ovppoiilovpe 10 ohvoro TV akepoimv aplBudv, OnA. appnrot
7Z=40,£1,%£2,---}
Me @Q ovpPorilovpe t0 oOVOAO TOV PNTOV 1 KAOCUOTIKOV

aplpov, Oni. Q = {x eR/x= E, OTOV L1, V aKEPOLOL KoL V # 0}
v
Me R ovuPoiilovpe to Pacikd chvoro mov mepthapPdvel GAovg Tovg aptBuovc.

Ynocvvoro cuvérov.

‘Eva oOvoro A Aéyeton vmochvoro evog cuvorov B, o6tav kdbe otoyyeio tov A eivar kot
otoyeio tov B. v mepintwon avtr| ypaoovpe A < B. ILy {1,2,3}<={1,2,3,4,5}. Eniong
wyvet {1,2,31c{1,2,3}.



Toa cOvola

AcB
Av {B _A , ONA. av kb otoryeio Tov A eivan ko ototyeio Tov B kan kdOe otoyeio tov B
c

elvarl ko otoryeio Tov A (pe dAha Aoy ta A, B éxovv ta idw akpifmg ototyeia), tote TO
ovvola A, B Aéyovtar ica (cuup. A=B).

IowtnTec.

(D). AcA, yw k60e chvoro A (avokAooTikn 1O10TnTo)

(I).  Av AcB xou BcT', tote AcT (petapatikn 010tnto)
(II). Av AcB kot BCA, 101 A=B (0vTIGUHUETPIKT 1O10TNTO)

To kevo civoro
Kevo ovolro ival to 6uvoro mov dev €xet otoyeia. XvpPoiileton pe .

Awypappate Venn.

Kd&be o@opd mov epyaldpacte pe ovvoro, ovtd Bewpodvtol B
VTOGUVOANL €VOC GLVOAOL Tov Afyetonr Pacikdé ovVVOAO Kol

ovpPoAriletar pe Q.

Mo mopaderypa, Ta cdvora N, Z, Q givar vmocHhvora tov Pactkcod

ovvorov Q =R.

To Bacwkd cOvoro cvpforileTon pe T0 e0mTEPIKO £vAG opBoywviov, evd kdbe vTooHvoro
evOg Pacikod GLVOAOL TOPICTAVETOL HE TO E0MTEPIKO WG KAEWGTNG KOUTOANG 7OV
TEPLEYETOL GTO E0MTEPIKO TOV 0pBoywviov.

Av AcCB, 101¢ T0 A TOPIGTAVETOL [LE TO ECMTEPIKO UOG KAEIGTNG KAUTOANG TOV TEPIEXETOL
0TO E0MTEPIKO TNG KAEIGTNG KOUTOANG TOL TOPIoTAVEL TO B.

IIpotaoceilc Kol TPOTAGLOKOL TOTTOL.
e  MoaOnpatwkn [Ipotaon (M anhd [Ipdtaon) ovopaletor kdbe 1oyvPIGUOG TOV PITOPEL Vau
etvan gite A0 (A) eite Pevomg ().
O mapokdto 1woyvpiopol eival TpoTAcELS :
V' O12 givon aptiog puotkog aptdudc.
v' To 25 givar apvntikdg opduoc.
O mapakdTm 1oYVPIGUOG OeV givan TpdToom :
V' Adbpio icwg Ppééet.
e Ilpotaciokdg tOmog eivar g mpdTOom 7OV OavoeEpeTol o pwo. petafant. H
petoPANT ot maipvel TYWES pésa o€ £vo cuvoro avagopds Q. Eropévmg n pdtaom
&xel ™ popon p(x). o kabe Ty tov x N TpodTOIoN €ivan gite aAnOng eite yevonc.
[Moapdoetypa :
v @sopovue ™V mpodtacn x° =1, 6mov 1o x moipvel Twéc oto R. TMa x =1,
x = -1 n wpdtoon eivon aAnofc. I'ia Oreg Tig vOAowTEG TIEG 6T0 R N TpdTAIGN
elvat yevdng.
IIpaceg pe oovoia.

HekwvoOpe pe apluntikd mopadeiypatoa. Oswpodue ta ocvovolo A ={1,2,3,4,5,6} Ko
B=1{5,6,7,8,9} .



"Evoon, top] Kou ocopmipope cvvorov.

"Evoon covorov
AUB={1,2,3,4,5,6,7,8,9} . AnAadn n évoon AUB anote-
Aettan amd ta otoyeio Tov avikovy gite 610 A, gite oto B glte
Kol 6T Ovo cLVOAX pali.
levikd: AuUB={xeQ:xe AN xeB}
Mopatnpiosic.
(D).  Av P xor Q gtvan 600 mpotdoeig, tote M mpdtaon «P 1 Q» ainbeder péovo oy mepi-
TG TOV U0 TOLAXYIGTOV atd TIG 000 TPOTAGELS AANBEVEL.
(Il).  H mpdraon «P 1 Q» Aéyetan 14levén twv P, Q. Yrdpyovv dvo €1dmv dtalevEelg.
v H gykheotikf d14levén mov meptypdnke mo mhvo. ZvpPoliletar « Pv Q ».

v' H anokkeiotikn d14evén «P>Q » ainbedet povo 6tav pa akptBdg omd Tig dvo
TPOTACELS £lvor aAnO1g.

Topf cuvorov. A B Q
ANnB={56}. AuB={1,2,3,4,56,7,8,9}. Aniodn m Toun
AN B oamoteleiton amd to GTOKEI TOL AVIKOLV TALTOYPOVO
670 A kot o610 B.

levikd: AnNB={xeQ:xeA xu x € B}

Hopatipnon.

Av P ko Q givar 600 mpotdoelg, tote N tpodTaon «P kar Q» ainbevel povo oty mepintmon
mov aAnfedovv tavTdYPova Kot 01 dSLO TPOTACELS Kot Afyeton cVlevén twv P ko Q. Zvpupo-
MCetar « PAQ ».

TelMxkd ovpnepdopata.

(D). H «évoon» cuvdéeton ueca pe to «a», LE TO «OAO TO AVTIKEILEVAY. ZOUP®VOVUE VO
ypagovpe «p(x) 1 q(x) »
(D). H «toun» ocvvoéetar pe o «ka, e TN «CLVAANOELONY, LUE TO KKOWVH OVTIKEILEVOY.

: , , ()
SUUP®VOVUE Va. YpAeovUE gite «p(X) ko q(X)» &lte )
q(x

ZopUTANPONRE GVVOLOV.

AvQ=1{1,2,3,4,5,6,7,8} xan A = {1,2,3,4,5,6} t01c A'={7,8}.
Anhadn ocvumAnpopa evog vmoouvorov A gvog Pacikoy Guvo-
Aov Q Aéyeton T0 GHVOAO T®V GTOLYEI®V TOV 2 TOV dEV AVIIKOVLY
010 A ko copPorileTon pe A'.

Tevikg : A'={xeQ /xgA}.

Hopatipnon.

Av P givar o mpdtaon, tote  tpodtact « 0L P » 1 supPorikd « —P » aAnbever pdvo dtav
n P etvan yevoncg kot avtietpdomc.

H évvowa ™™g ovvemaymync.

Av P ko Q glvar dvo potdoels, T€totec dote, 6tav aindevel n P va aAnbevet ko m Q, tote
Aépe 6t P ovverdyetar v Q ko ypdeovpe P _ Q.

O wyvpopdg « P _ Q» Aéyetar cuvemaymyn kot ToAAEG opég drafaletan «av P, tote Qn. H
npdtoon P Aéyetan vmdOeom g cuveraymyng, evd N Q AEyeTon GLUTEPAGLOL QL TNC.



H évvorwa ™G wo0dvvapiog 0 NG OWTANG GUVETAYOYIG.

Av P ka1 Q givon 0vo mpotdoelg, 1€toleg dote, 0tav ainbedel n P, va ainbevetl ko n Q ko
otav aanfever n Q, va ainbevel ko m P, 1018 Aéue 6Tt P ovvemdystor v Q Kou
avTIoTPOPM®G 1, AAMDC, 0T N P glvat icodvvaun pe v Q kot ypdopovpe «P < Qm.

O 1oyvpopog «P < Q» Aéyetal isodvvapio Kot apketés eopég drafaleton «P av kot povo av Qx».

[MopatnpNoeig TAVEO 6T GUVETAYMYN KOL TNV 100OVVA .

(D). H «P < Q» givor otv ovoia n o0levén tov «P = Q» kot «Q = P»

dI).  Av o mpdtaocn « P _ Q» eivar oAnd1ig, dev eivan amopaitnto va eivar aAndng ko n
avtiotpoen mpdtacn «Q _ P». Av 0flovpe va elpoocte olyovpor, mpémer va 10
amodeifovpe.

Mé£0ooor améoeing
[Tpokeyévou va teicBodpe 6L o TpodTaoT eivar aAnOng Tpocmabove vo TV amodeiZovpe.
[Ma 1o okomd avtd akoAovBove pa and TIC TopPaKAT® HeBddOVC.

EvO¢io Amodeién

Av 0éhovpe va amodetEovpe pa mpodTaon g popeng « P _ Q», 10te Eextvoope and v P
Kol pe PBdomn tovg kavoveg e Mabnpatikng Aoyumng koatainyovpe oty Q. v mopeio
UTOPOVLLE VO YPNGILOTO GOV UE OTOONTOTE YVWOGTY TPOTOCT KaBdS Kot T aSldpaTa.

‘Eotw 611 08Aovpe va amodeifovpe T cuveraywyn:
«Av a+B+y=0, 018 1YVl o’ +B° +v =3aPy »

Enedn a+PB+y=0, 0o elvar a=—(B+7y), ondte £YovpeE :
3
o +B+y =[-(B+y) | +B +v =—(B+y) +B’+7’ =
=B’ =3By =3By —y’ +B’ +y = -3B"y 3By’ =-3Pv(B+7v) =3Py (0pod B+v=-0)

Am0deIEN TPOTAONS HEGM LGOOVVUULOV.

[a va amodeilovpe OTL €vag 1oYLPIGUOG €ivor aANONG, HePKES QOPEC HE O1000)IKOVG
LETOCYNUOTIGHOVS KATOANYOVUE O €vay AOYIKA 1G0OVVOUO 10YVPICUO oL givar aAnOnc.
"Etotl ovpmepaivovpe 6t Kot 0 apyikdg 1oyvpiopdg etvar aAnone.

r

Eoto 611 yuo Toug mpaypatikovg apBpong a, B, x, y 0élovue va amodeiovpe v tovtd IO @
(a2 +B2)(x2 +y2) = (ax +[3y)2 +(0Ly—BX)2 .

"Eyovpe (a2+B2)(x2+y2):(ax+[3y)2+(ay—[3x)2 &

& a’x’+a’y’ +BPy = a’x’ +20Bxy + PPy + o’y —2apxy +Bx’ <

& o’xP+a’y’ +B7Y = a’xP + By + o’y +BPx%, mov oybet.



Eme1om 1 tedevtaio 1c6TTa itvan aAndng, apa kot 1 1coduvaun g apytkr etvar aAnomg.

Mé£00o0g TG ATaymyng o€ ATomo

Ymv mopomdve arddeln vmobiésape 0Tl 0gv 1GYvEL avTO OV BEAAUE va amodeiovpe Kot
ypnoporolmvtag aAndeic mpotdoelg eBdcape o Evor CLUTEPAGHIA OV £pYETAL GE ovTifeon
pe avtd mov yvopilovpe 61t 1oyvel. Odnyndnkape 6Twg Aéue 6e GTOMO.

H pébodog avt) amddeitng ypnoporomonke yoo tpd@tn popd amd toug Apyaiovg EAinveg
Kol ASYETOL OTTAY Y1) OE GTOTO.

Mopddoerypa

‘Eoto 611 0éhovpe va amodeiEovpe Tov 16xvpIopod @ Av 10 TETpAy®mVO €vOG akepaiov aplduon
givar Gptioc, TOTE Kat 0 aptdpdg owTdg eivar dptiog, SnA. av o o’ sivar dptiog apdudc, TdTe
Kol 0 o givol GpTioc.

‘Eotw 611 0 dev eivan dptioc. Tote 0 a eivar mepittdg, dnA. €xel ) popoen o =2k +1, 6TOL K
aképonog. Tote o =(2k +1)2 =41’ +4k+1= 2(21<2 + ZK) +1=20+1, émov A=2k"+2x

axépatoc. Emopévag 1o o sivar meptrtdc. Avtd duwg Epystar og avtifeon pe v vrddeson
6tLo o’ sivar aptiog aptdudc.
Emopévac n mapadoyn 6t o a dev givan aptiog eivon AavBaouévn. Apa o o eivar dptioc.

Boowm napatipnon.

[Ma va amodei&ovpe 0tTL évag 1oyvupiopdg dgv eivon mavra aindg, opkei va Bpodue éva
TOPAOEYI Y10 TO OTOI0 O GUYKEKPIUEVOS 1GYLPICUOC OV 1oYVEL 1), OTTG AEUE, apKel va
Bpovpue éva avrurapdostypa.

1
O 1oyupIopdg «y1o kG o> 0 1oyveL o > o » dev eivar oAnOng, ooy Yo o = > &yovpe

1
o = e M. woydel o <a.

Hoapatipnon ( va yivel oyxetiki avapopd ot B Avkeiov)

H évvoieg Tov vmoouvoAov Kot TG 16OTNTOS GLVOAMY GYETILOVTOL AUECOH LE TIC EVVOIES TNG
GUVETOYMYNG KOl TNG 1IG00LVOUING. ZVYKEKPIUEVO IGYVEL :

Av p(x), q(x) givar 6v0 TPOTACLEKOL TUTOL TOV AVAPEPOVTAL GE £VH. GUVOAO avaPopds 2
Kol A, B givor Ta oOvora ainOsiog Tovg, TOTE :

01, To (p(x) = q(x)) eivor 16odvvapo pe 10 A < B.

02, To (p(x) © q(x)) €ivorocodvvapo pe to A =B.

Hoapatipnon ( va yiver oyetikn avo@opd ot eoperpio ™ A Avkeiov 6T0 KEQGANLO0
TOV TOPUAANAOYPALN®V).

Ovmpotdoeg « P _, Q» kot «—=Q _ —P » eivar icodvvaytec.

H mpodtaon «—Q _ —P » ovopdletar avri@etoavriotpoen g « P _ Q».

«Av 10 ABT'A givan opBoyavio, tOTe glval Kot TapOAANAOYPALLLLOY

«Av 10 ABT'A 6gv givan mapoarAnAoypappo, tote dev eivat ko 0pBoydvion

O Tapomdve TpoTAGELS EIVOL IGOSVVOLLES.



